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Abstract
Grain-scale characteristics and formation history determine spatial variability in granular masses. We investigate the effect of
spatially varying stiffness on the load-deformation response under zero-lateral strain conditions using numerical simulations of
correlated random fields, where the granular medium is represented by a non-linear stress-dependent meso-scale model. Results
show that stiffness heterogeneity results in higher global compressibility as compared to the homogeneous medium with the same
arithmetic mean stiffness. Furthermore, the non-homogeneous stress field that develops inside the granular mass is characterized by
focused load transfer along columnar regions, higher stress anisotropy and lower horizontal-to-vertical stress ratio K0 than in a
granular medium of homogenous stiffness. As the applied stress increases, the inherent stress-dependent response of the granular
material leads to a more homogenous stress field. While greater variance in stiffness causes lower global stiffness, a longer
correlation length results in greater variance in global mechanical response among multiple realizations.
Keywords: spatial variability, effective stiffness, K0 coefficient, uniaxial compaction, zero-lateral strain loading
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1. Introduction
Grain-scale characteristics and formation history determine
spatial variability in granular masses. Spatial variability can be
captured in statistical parameters such as the coefficient of
variation and the correlation length (Vanmarcke, 1977; Phoon
and Kulhawy, 1999). The coefficient of variation COV[·] is
defined as the ratio of the standard deviation σ[·] to the mean
value μ[·]. The correlation length L[·] is the distance where the
spatial autocorrelation of a given physicochemical property
decays by 1/e, and it indicates the spatial scale of material
heterogeneity.
Spatial variability prevails in granular materials at all scales.
For example, spatial variability in natural sediments is readily
observed in field data (Tang, 1979; Harr, 1987; Ravi, 1992;
Kulhway, 1992; DeGroot and Beacher, 1993; Lacasse and
Nadim, 1996; Hegazy et al., 1996), as well as in laboratory-scale
studies (Antonellini et al., 1994; Jang et al., 1999; Antonellini et
al., 1994; Cho et al., 2004). Typical ranges for the coefficient of
variation COV and the correlation length L for the properties of
natural sediments can be found in previous studies (Phoon and
Kulhawy, 1999; Harr, 1987; Lacasse and Nadim, 1996; DeGroot,
1996; Jones et al., 2002).
Probabilistic studies of deformation in heterogeneous soils
have often modeled the soil mass as an isotropic linear elastic
material with a spatially varying Young’s modulus E (Harr, 1987;

Resendiz and Herrera, 1969; Ang and Tang, 1975; Cambou, 1975;
Beacher and Ingra, 1981; Zeitoun and Baker, 1992; Paice et al.,
1996; Fenton and Griffith, 2005; Jimenez and Sitar, 2009; Griffith
and Fenton, 2009). The following observations can be extracted
from these studies:
· The expected elastic deformation increases with increasing
coefficient of variation in Young’s modulus, COV[E].
· The uncertainty in vertical displacement is much more sensitive to Young’s modulus variability than to Poisson’s ratio
variability.
· The variability in computed deformations is negligible when
the correlation length L is much shorter than the specimen
size D (D>>L). However, as the correlation length increases,
the variance of the expected deformation also increases.
Linear models fail to capture the inherent non-linear and nonelastic response of granular materials. Consequently, some recent
studies have incorporated non-linear elasto-plastic material
models to assess settlement and consolidation processes in
heterogeneous soils by taking into consideration various spatial
scales and anisotropy effects (Niemunius et al., 2005; Suchomel
and Masin, 2011; Wu et al., 2011; Huang et al., 2010).
It is also required to be pointed out that significant developments
in geomechanics based on micromechanics took place using the
Discrete Element Method (DEM) and experimental methods:
Force chain formation and networking with anisotropic stress
state through particle contacts and graphical representations
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(Cundall and Strack, 1979; Rothenburg and Bathurst, 1989;
Radjai et al., 1998; Díaz-Rodríguez. and Santamarina, 1999;
Oda et al., 2004; Majmudar and Behringer, 2005; Muthuswamy
and Tordesillas, 2006; Behringer et al., 2008; Arévalo et al.,
2009; Peña et al., 2009; Tordesillas et al., 2010; Barreto and
O’Sullivan, 2012; Hurley et al., 2014).
The purpose of this study is to investigate the effects of spatial
variability on the load-deformation soil response under zerolateral strain boundary conditions using the finite element
scheme. The stress-dependent non-linear material model and the
representation of spatial variability are described first.

2. Methodology: Numerical Simulation-material
Model
The research is implemented using the finite element program
ABAQUS 6.12. In all cases, we simulate a stress-controlled, zerolateral strain compression test. The square specimen consists of a
100 × 100 mesh made of four-node plane strain elements. Zero
horizontal displacement and zero friction conditions are imposed
on lateral boundaries. The top and bottom plates are rigid but

free to move in the vertical direction. Simulation details are
summarized in Table 1.
Given the added complexity of spatial variability, the rather
simple but robust Duncan-Chang material model is selected to
represent the nonlinear stress-strain response of the granular
mass (Duncan and Chang, 1970). The model is modified to
capture the stress-dependent small-strain shear modulus G0 [kPa]
as follows:
σ0 ⎞ β
G0 = α ⎛ -----------⎝ 1 kPa⎠

(1)

where σ0 [kPa] is the mean in-plane principal stress σ0 =
(σx + σz)/2, the α-coefficient is the small-strain shear modulus at
σ0 = 1 kPa, and the β-exponent captures the stress-sensitivity of
the stiffness. Parameters α [kPa] and β [·] are correlated in
natural granular materials (Fernandez, 2000; Santamarina et al.
2001):
α/ρ
β ≈ 0.72 – ------------------350 m/s

(2)

where ρ [ton/m3] is mass density.

Table 1. Numerical Study: Model, Material Parameters, and Parametric Study
Boundary conditions (all cases):
· Stress controlled vertical z-compression
· Zero-lateral global displacement: ε = ε = 0
(y-axis: out-off-plane direction)
· No friction against the lateral x and y boundaries
· Element type: 4-node
plane strain element
· Mesh: 100 by 100 elements
x

y

Duncan-Chang model parameters:
α = 104 kPa
β = 0.49 (for α = 104 kPa)
ν = 0.3
φ = 30o
ρ = 1.6 t/m3
R = 0.9

· Mean value of small-strain shear modulus at 1 kPa
· Stress exponent of small-strain shear and bulk moduli
· Poisson’s ratio at 1 kPa
· Soil friction angle
· Mass density
· Failure ratio
Random variable and marginal distribution:
· Small-strain shear modulus at 1 kPa α. Uniform distribution.

1kPa

f

α/ρ
350 m/s

· For each value of a, the corresponding value of β is estimated as β ≈ 0.72 – ------------------Cases reported in this manuscript:
Goal of parametric study
Stress-induced homogenization
Stress focusing
Variability effects on stress focusing
Correlation length effects on stress focusing
Variability effects on K0
Correlation length effects on K0
Variability effects on load-deformation
Variability effects on compressibility

Random variability
COV[α] = 0.3
COV[α] = 0.1, 0.3, 0.5
COV[α] = 0, 0.1, 0.2, 0.3, 0.4, 0.5
COV[α] = 0.3
COV[α] = 0, 0.1, 0.2, 0.3, 0.4, 0.5
COV[α] = 0.3
COV[α] = 0, 0.1, 0.3, 0.5
COV[α] = 0.1, 0.3, 0.5
−2−

Relative correlation length L/D
0.1
0.02, 0.04, 0.08, 0.1, 0.14, 0.2
0.1
~0
~0, 0.04, 0.06, 0.1, 0.14, 0.2
~0
~0, 0.04, 0.06, 0.1, 0.14, 0.2
~0
0.04, 0.2

Fig #
1
2
3
4a
4b
5a
5b
6
7
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The α-coefficient (i.e., G0 at σ0 = 1 kPa) is selected as the
random variable. This is positively-valued quantity and it is
modeled using a bounded uniform distribution with mean
μ[α] = 104 kPa to represent a medium density silt or sand (Table
1 summarizes all the material parameters involved in this study).
A realization of the granular mass includes both stiffer and softer
sediments depending on COV[α]; realizations with the highest
COV[α] = 0.5 correspond to highly heterogeneous soil conditions.
The correlated random field for the small-strain shear modulus
parameter α is generated as follows. Its derivation and details are
found in Fenton (1994), El-Kadi and Williams (2000), Vio et al.
(2001), Fenton and Griffiths (2008):
(1) Create the covariance matrix A [NxN] where N is the
number of elements in the finite element mesh. The i-th
row in A captures the correlation between the i-th element
and all other elements in the FEM mesh. In particular, the
Ai,j entry is computed in terms of the pre-selected values for
standard deviation σ, correlation length L and the distance
dij between mesh elements i and j:
2

Aij = σ e

1
– --- d
L

ij

(3)

(2) Use the matrix decomposition technique to extract the C
[NxN] matrix from the A matrix (El-Kadi and Williams,
2000),
A = C CT

(4)

(3) Compute the spatially correlated Gaussian random field X
[Nx1]
X=C·ε+T

(5)

According to the previous studies including Ching and Phoon
(2013); Song et al. (2011), Santoso et al. (2011); Huang and
Griffiths (2015); Paice et al. (1996); Griffiths and Fenton,
(2009), etc., autocorrelation characteristics of the geotechnical
spatial variability can affect the mechanical responses significantly,
which is required to be interpreted and analyzed appropriately
considering such spatial correlations. An experimental approach
to reproduce such spatial variability similar as numerical
realizations in this study is proposed recently and the results
show that the mechanical responses of the heterogeneous soils
should be understood considering both the local inherent
behavior and spatial distributions (Garzón et al., 2015). More
explanations and discussions can be found in Kim (2005) and
Kim and Santamarina (2008).

3. Results – Emergent Phenomena
An emergent phenomenon refers herein to a behavior observed
in a spatially varying medium that is not observed in a
homogeneous material with the same constitutive law. Emergent
phenomena found in this study are discussed next.
3.1 Stress-induced Internal Homogenization of the Stress
Field
Spatially correlated heterogeneous specimens are numerically
generated and subjected to zero-lateral strain uniaxial loading
conditions. At each loading stage, we compute the average inplane stress σ0 = (σx + σz)/2 for each i-th element, and normalize
it by the global average stress applied at the boundaries σx@b and
σz@b:

where the i-th entry in the vector T [Nx1] is the mean value
of the α-factor for the i-th element in the mesh; for
simulations presented in this paper, all entries in T are equal
to Ti = μ[α] = 10 MPa. The ε [Nx1] vector is an array of
uncorrelated, Gaussian distributed random numbers of zero
mean and unit variance.
(4) Map the generated Gaussian random field onto the uniform
distribution adopted from α in this study. This mapping
consist of adopting values with the same cumulative
probability (Grigoriu, 1984; Yamazaki and Shinozuka,
1988): We sort all values in X and determine the cumulative
probability FG(Xi); then, for each Xi value in X, we identify
the uniformly distributed value ai that has the same
cumulative probability FU(αi) = FG(Xi)
Xi → FG ( Xi ) = FU ( αi ) → αi

(6)

This procedure is repeated to create multiple realizations for
each set of parameters, i.e., COV[α] and correlation length L[α].
Note that there are two length scales in each realization: the
specimen size D and the internal scale of heterogeneity L. We
considered them together, in terms of the relative correlation
length L/D. We limited the relative correlation length to L/D ≤
0.2 to minimize boundary and scaling effects.
Vol. 00, No. 0 / 000 0000

Fig. 1. Distribution of Average In-plane Stress Acting on Mesh
Elements, Normalized by the Global Average In-plane
Stress Acting at the Boundaries (Equation 7) - Data Shown
for one Realization at Different Applied Vertical Loads.
Zero-lateral Strain Loading. Spatially Varying Medium with:
μ [α] = 10 MPa, COV [α] = 0.3, Relative Correlation Length
L/D = 0.1
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field in specimens with high relative correlation length. Dotted
lines in Fig. 2 are obtained from a multi-variable regression
analysis with two independent input variables: the relative
correlation length L/D and the vertical stress applied at the top
boundary σz@b. The estimated COV for the average in-plane
stress is (applicable to simulated conditions only):
COV [ ( σx + σz )/2 ] = 0.43 – 0.007ln ( L/D )
– 0.057ln ( σz@b /1 kPa ) (R2 = 0.98)

(8)

It can be seen that the coefficient for the applied stress (-0.057)
is much greater than the coefficient for the relative correlation
length (-0.007); this highlights the importance of confining stress
on internal stress homogenization.
Fig. 2. Coefficient of Variation for Internal Mean Principal Stress
Distribution vs. Relative Correlation Length. The Dotted
Lines are the Fitted Regression Function in Equation (8).
There is one Realization for Each L/D Value. The Six Realizations are Generated for μ [α] = 10 MPa and COV [α] = 0.3

( σ x + σ z )i
(Normalized average in - plane stress) = -------------------------σx@b + σz@b

(7)

Cumulative distributions for the normalized average in-plane
stress at different loading stages for one realization are shown in
Fig. 1. These results suggest that the stress distribution becomes
homogenized as the applied vertical stress increases. Furthermore,
the probability distribution becomes skewed towards smaller
values as softer zones remain shielded by stress arching.
Multiple simulations are conducted with various correlation
lengths keeping the other statistics constant (uniform distribution
of mean μ[α] = 10 MPa and coefficient of variation COV[α] =
0.3). Results are summarized in Fig. 2. The coefficient of
variation for the internal average in-plane stress COV[(σx + σz)/
2] is plotted versus the relative correlation length L/D for
different applied vertical stress levels. In all cases, stress
distributions become homogenized when the applied vertical
stress increases. There is higher homogenization of the stress

3.2 Stress Focusing Through Stiffer Zones
Simulations are repeated for correlated heterogeneous media
with the same boundary conditions and spatial distribution, but
with different variance in the α-factor that defines the smallstrain stiffness: COV[α] = 0.1, 0.3, and 0.5 (see Table 1 – Note:
the requirement that α is positively valued α ≥ 0 implies that
COV[α] ≤ 1/√3 = 0.57 for the uniformly distributed α-factor).
Fig. 3 shows the vertical stress distribution under zero-lateral
strain loading for an applied vertical load of σz@b = 100 kPa.
Black areas correspond to a vertical stress σz ≥ 105 kPa. These
results suggest that media with higher stiffness variance
experience more pronounced stress concentration towards loadcarrying columnar regions even if the spatial distribution of the
initial stiffness is isotropic as shown in Fig. 3(a). The emergence
of high-stress columnar regions in these meso-scale simulations
of spatially varying granular materials resembles the development
of load-carrying granular chains in inherently variable discrete
element simulations.
Results of a comprehensive study are summarized in Fig. 4.
The area ratio that carries a vertical stress σz ≥ 105 kPa when the
applied vertical load is σz@b = 100 kPa, is plotted in Fig. 4a as a
function of the variance in stiffness for uncorrelated realizations

Fig. 3. The Effect of Variability in α (the Small Strain Shear Modulus at σ = 1 kPa) on Local Stress Focusing – Results Show Typical
Realizations for Different COV[α]. Each Realization is a Member of a Set of Monte Carlo Simulations. The Spatial Correlation
is L/D =0.1 in all Cases
0
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Fig. 4. Vertical Stress Focusing when σ = 100 kPa. (a) Area
Ratio that Carries Vertical Stress Higher than 105 kPa for
Different COV[α] in Realizations with Short Correlation
Length (L/D ~ 0); the Two-sigma Range is Much Smaller
than the Dot Size used to Indicate the Mean Values. (b)
Area Ratio that Carries Vertical Stress Higher than 105 kPa
as a Function of Relative Correlation Length for Realizations with COV[α] = 0.3. One Hundred Realizations are
Simulated for Each Case

Fig. 5. Horizontal-to-vertical Stress Ratio K0 when σ = 100 kPa.
(a) K0 for Different COV[α] in Realizations with Short Correlation Length (L/D ~ 0). (b) K0 as a Function of relative
Correlation Length for Realizations with COV[α] = 0.3. One
Hundred Realizations are Simulated for Each Case

z@b

z@b

L/D ~ 0 (Note: effectively, the smallest correlation length that
can be numerically modeled is determined by the pixel size,
hence, in our case L/D ≥ 1/100). These results show that stress
focusing (1) develops even in systems which are uncorrelated,
and (2) is enhanced when the variance in initial stiffness
increases (as shown in Fig. 3). The effect of relative correlation
length L/D on stress focusing is explored in Fig. 4b (σz@b =
100 kPa, COV[α] = 0.3): longer correlation length yields a
wider dispersion of internal stress distribution statistics among
multiple realizations, and fewer elements appear to carry extra
load as L/D increases. In fact, if the correlation length is
infinitely longer than the specimen size L/D>>1, each realization
approaches a homogenous medium, and there is no stress
focusing.
3.3 Reduction and Fluctuation in the Stress Ratio K0
The horizontal stress increases during zero-lateral strain
uniaxial compression. In linear elasticity, the ratio of horizontal
to vertical stress is related to Poisson’s ratio as K0 = σh /σv = ν/
(1 + ν). The meaning of K0 in granular media can be readily
understood with the following mind experiments: (1) a virtual
horizontal force is needed to prevent the buckling of vertical
Vol. 00, No. 0 / 000 0000

chains in a perfect simple cubic packing, thus K0→0; (2) the
required lateral force is half the vertical force in an equilateral
triangular packing of frictionless monosize particles, i.e.,
K0 = 0.5; and (3) the required lateral force will diminish as
interparticle friction increases, observed in DEM simulations by
Sheng et al. (2004). These observations suggest that K0 in
granular materials is fabric and friction dependent.
The effect of meso-scale spatial variability on K0 in granular
materials is evaluated using the results from these numerical
simulations. Fig. 5a shows the coefficient of lateral stress at rest
K0 for realizations with short relative correlation length L/D ~ 0
at σz@b = 100 kPa. The data show that the mean value of K0
decreases and its variance increases with increasing variance in
initial stiffness COV[α]. The effect of relative correlation length
on the mean K0 is less pronounced, as shown in Fig. 5b (K0
values at σz@b = 100 kPa - fixed COV[α] = 0.3); instead, higher
correlation length leads to higher variance in K0.
When these results are compared to stress focusing trends
captured in Figs. 4a and 4b, it is observed that cases with lower
stress focusing yield greater mean K0, while a wider variance in
stress focusing among realizations leads to wider range in K0
values. Apparently, the load carrying columns that emerge within
the medium can effectively transfer the applied vertical load
across the specimen and require a smaller lateral confining stress
to prevent shear than the homogeneous medium.

−5−
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3.4 Reduced Global Stiffness
The nonlinear load-deformation response for three uncorrelated
realizations L/D ~ 0 with different coefficients of variation in the
initial stiffness distribution COV[α] are shown in Fig. 6. Greater
compressibility is observed for higher variance in stiffness
distribution, in agreement with published results gathered with
elastic models reviewed earlier.
The evolution of the global constrained modulus with
applied vertical stress for different initial stiffness variance
COV[α] is shown in Fig. 7, with emphasis on realizations
with the same correlation length L/D = 0.2. For clarity, the
secant constrained modulus for the heterogeneous medium
Mhetero is normalized by the secant constrained modulus for

the homogeneous medium Mhomo at the same stress level.
Results show that
· As stiffness variance COV[α] increases, the global constrained
M decreases; for example, a heterogeneity of COV[α] = 0.5
causes a 25% decrease in the effective stiffness at σz@b = 25
kPa compared to the homogeneous medium with stiffness
equal to the arithmetic mean μ[α].
· As stiffness variance COV[α] increases, the constrained
modulus becomes more stress-dependent, i.e., higher rate of
change with increasing applied vertical stress.
· The relative correlation length L/D has a small effect on the
expectation of the global constrained modulus: Differences
between the mean Mhetero/Mhomo for media with L/D = 0.04
and L/D = 0.2 are less than 5% even for COV[α ]= 0.5.
However, the correlation length determines the variance of
the computed effective constrained modulus among
realizations. Note: these two observations are analogous
to published results based on linear elastic models
(Beacher and Ingra, 1981; Zeitoun and Baker, 1992; Paice
et al., 1996).
· There is a gradual increase in Mhetero/Mhomo and a decrease in
COV[Mhetero/Mhomo] with the increase in applied vertical
stress. Both trends are consequences of stress-induced
homogenization.

4. Conclusions

Fig. 6. Stress-strain Curves under K0 Loading Conditions Obtained
for four Realizations with Different Variance in Initial Stiffness and Uncorrelated Spatial Distribution

Spatially varying small-strain stiffness is anticipated in granular
materials. Meso-scale simulations using a stress-dependent nonlinear granular material model show that:
1. The global stiffness decreases and becomes more sensitive
to stress changes as the variability in internal stiffness
increases.
2. A wider range in global stiffness is anticipated for longer
correlation lengths.
3. Spatially varying stiffness causes a non-homogeneous stress
field inside the granular mass, and load transfer focuses
along columnar zones.
4. Columnar stress focusing implies higher stress anisotropy;
in other words, the horizontal-to vertical stress ratio K0 is
lower for heterogeneous granular media.
5. The internal stress field tends to homogenize as the confining stress increases due to the inherent stress-dependent
response of granular materials.
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