FERROMAGNETIC INCLUSIONS

IN

GEOMATERIALS: IMPLICATIONS

By Katherine Klein1 and J. Carlos Santamarina2
ABSTRACT: Various laboratory and field techniques used to study geomaterials utilize the principles of electromagnetism. Applications in geotechnical engineering such as resistivity profiling, induced polarization,
ground-penetrating radar, and time-domain reflectometry, focus on the electrical properties of the materials and
neglect the magnetic component. Yet the a priori assumption that the medium is nonferromagnetic may lead to
significant errors in data interpretation because the presence of ferromagnetic materials affects the propagation
of electromagnetic waves. An experimental study is conducted using kaolinite with ferromagnetic inclusions.
Results show that magnetic permeability is a function of the volume fraction and spatial distribution of ferromagnetic inclusions; the interaction among inclusions increases with increasing volume fraction and proximity.
These results and published data show that a relaxation due to ‘‘wall bowing’’ occurs at kilohertz frequencies,
and a relaxation due to ‘‘wall displacement’’ occurs at megahertz frequencies. It is shown that the relative
permittivity (real and imaginary components) inferred from wave-propagation measurements is larger than the
actual value by a factor approximately equal to the real relative magnetic permeability. Corrections for ferromagnetic effects must be computed using parameters measured at the same frequency.

INTRODUCTION
Electromagnetic waves have been used to study the behavior of geomaterials for more than a century. These techniques
measure the response of charges within a material to an electromagnetic perturbation. The frequency and wavelength of
the applied field can vary over many orders of magnitude,
thereby enabling the study of many different time and spatial
scales within the material. It follows from Maxwell’s equations
that three material parameters are needed to describe interactions between electromagnetic waves and the medium: electrical conductivity , complex dielectric permittivity *, and
complex magnetic permeability *.
Several field methods based on electromagnetic principles
are used to obtain information about stratigraphy, location of
anomalies (e.g., water table, metallic objects, cavities, and contaminants), and soil properties (e.g., porosity, structure, and
pore fluid). Field techniques include resistivity profiling [e.g.,
Ward (1990)], magnetometric resistivity [e.g., Edwards and
Nabighian (1991)], induced polarization [e.g., Marshall and
Madden (1959)], ground penetrating radar [e.g., Daniels and
Roberts (1994)], and time-domain reflectometry [e.g., Topp
et al. (1984)].
On the other hand, laboratory measurements are conducted
to characterize materials in view of site exploration, to enhance
the understanding of geomaterials (e.g., water content, anisotropy, and interactions in soil-water-electrolyte-chemical systems), or to gain insight into geoprocesses (e.g., consolidation/
sedimentation, chemical diffusion, corrosion, and hardening of
soil-cement slurries). Conductivity and permittivity are measured using four-electrode systems (transfer function approach
analysis), two-electrode systems (equivalent circuits analysis),
or transmission line techniques (wave-propagation analysis).
The four-electrode and two-electrode methods are applicable
at hertz-to-megahertz frequencies, and transmission line methods operate at megahertz-to-gigahertz frequencies (Klein and
Santamarina 1997).
Explicit magnetic permeability/susceptibility measurements
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of geomaterials have been performed both in the laboratory
and in the field for various reasons, including to assess soil
uniformity, determine geochemical characteristics and stratigraphy of loess, detect hydrocarbon deposits, and find archeological remains. In addition to these specific applications, most
field and laboratory studies based on electromagnetic principles assume that the magnetic permeability of the specimen is
negligible. Because the presence of ferromagnetic inclusions
affects the propagation of electromagnetic waves, significant
errors can develop in the analysis of data should the nonferromagnetic assumption not apply. Therefore, before interpreting field or laboratory data, this assumption must be verified.
The objectives of this study are to review the magnetic
properties of geomaterials, to use simple measurement and
analysis procedures to assess the magnetic permeability of various soil specimens, to determine the effect of quantity and
spatial distribution of ferromagnetic inclusions on the magnetic permeability of soil specimens, and to examine the effect
of ferromagnetic impurities on permittivity measurements and
wave parameters used in field studies.
MAGNETIC PROPERTIES OF GEOMATERIALS
The ability of a material to be magnetized is characterized
by the magnetic permeability *, which is determined from
magnetization curves [i.e., the variation in the magnetic induction B (Wb/m2) with the applied field H (A/m)]
B = 0(H ⫹ M)

(1)

where M = magnetization of the specimen (A/m); and 0 =
magnetic permeability of vacuum (4 ⭈ 10⫺7 H/m). In the case
of a linear magnetic material, M is directly proportional to H
M = *H

(2)

where * = ⬘ ⫺ j ⬙ = complex magnetic susceptibility (dimensionless) consisting of real ⬘ and imaginary ⬙ components [asterisk (*) denotes a complex quantity]. Eq. (1) becomes
B = 0(1 ⫹ *)H = *H = 0*
rel H

(3)

where *
rel = 1 ⫹ * = ⬘
rel ⫺ j ⬙
rel = magnetic permeability
of the material normalized with respect to the permeability of
free space, 0 = 4 ⭈ 10⫺7 H/m. The real part of the relative
permeability ⬘rel represents the magnetizability of the material,
and the imaginary part ⬙rel represents energy losses. Based on
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thermodynamic relationships, the real relative permeability
must be greater than zero or ⬘ > ⫺1 (Landau et al. 1984).

that are independent of field strength (Bleaney and Bleaney
1976). Table 2 summarizes magnetic permeability data for various geomaterials.

Magnetization Mechanisms
Magnetic fields develop through the movement of charges.
Because matter consists of charged particles (electrons and
protons), it exhibits magnetic properties. Magnetism arises due
to the partial filling of electron shells resulting in unpaired
electrons (i.e., uncompensated charges). The distribution of the
electrons in an iron atom is presented in Table 1. In all the
shells, except for the 3d shell, the positive spin electrons compensate the magnetic moments generated by the negative spin
electrons, and the shells do not carry a magnetic charge. However, in the 3d shell, the positive magnetic moments are not
counteracted by negative magnetic moments resulting in a permanent magnetic moment. The contribution of the spin angular
momentum s to the magnetization of a specimen is
s = ⫺2msB

(4)
⫺24

where B = Bohr magneton [9.274 ⫻ 10 J/T]; and ms = spin
quantum number.
The orbital motions of the electrons also contribute to the
magnetic moment. The orbital angular momentum in a free
atom is
l = ⫺mlB

In ferromagnetic materials (e.g., iron and nickel), the permanent dipole moments form ‘‘domains’’ where the magnetic
dipoles are aligned in the same direction. In an unmagnetized
state, domain directions are such that the net magnetization of
the specimen is zero. The directions of domain magnetization
are affected by crystal structure and/or by strain. In the case
of an iron crystal without an applied magnetic field, the direction of easy magnetization is parallel to one of the crystal axes
as shown in Fig. 1. A demagnetized crystal normally has 1/6
of its domains oriented in each of these directions of easy
magnetization (Bozorth 1951). The direction of magnetization
gradually rotates from one direction to the other at the boundaries between domains; Fig. 2 presents a schematic representation of the transition between domains (domain walls). The
size of the domains depends on the size, shape, and magnetTABLE 2.
terials

Diamagnetism and Paramagnetism
Diamagnetic materials (e.g., pure kaolinite and quartz) do
not have permanent magnetic moments. Yet the altered orbital
motion of electrons in the presence of a magnetic field produces a magnetic dipole moment that is proportional to the
applied field but in the opposite direction. This induced dipole
moment creates a small negative susceptibility; therefore, ⬘rel
is slightly <1 [(3)].
Paramagnetic materials (e.g., montmorillonite and granite)
have permanent dipole moments caused by the spin of electrons. In the absence of an external magnetic field, thermal
agitation ensures that the magnetic dipoles are randomly oriented; thus, there is no resultant magnetization. However, in
the presence of an applied external field, the magnetic dipoles
orient parallel to the field, resulting in a slight net magnetization. The relative magnetic permeability of paramagnetic
materials is slightly >1. In general, the induced magnetization
in paramagnetic and diamagnetic materials is proportional to
the applied field, resulting in permeability/susceptibility values
Distribution of Electrons in Iron Atom (Bozorth

Shell
(1)

Total number
of electrons
(2)

Number of
electrons
with ⫹ spin
(3)

Number of
electrons
with ⫺ spin
(4)

1s
2s
2p
3s
3p
3d
4s

2
2
6
2
6
6
2

1
1
3
1
3
5
1

1
1
3
1
3
1
1

Real Relative Magnetic Permeability of Various Ma-

Material
(1)

(5)

where ml = magnetic quantum number. However, electron orbits in solid matter are firmly fixed and are little influenced by
an external magnetic field (Bozorth 1951), In fact, the contribution of the spin angular momentum to the magnetization of
a solid is twice that of the orbital angular momentum (Halliday
and Resnick 1988).

TABLE 1.
1951)

Ferromagnetism

Water a
Gold b
Silver b
Copper a
Quartz (SiO2)b
Kaolinite[c]-mass susceptibility d
Montmorillonite (2.8% FeO, 3% Fe2O3)b
Illite (1.4% FeO, 4.7% Fe2O3)b
Shale b
Granite b
Ochre (hematite)e
Annealed nickel f
Laboratory ironf

Real relative magnetic
permeability ⬘rel
(2)
0.9999100
0.9999973
0.9999981
0.999990
0.999999 to 0.9999988
0.99999995 to 1.0000023
1.000026
1.000034
1.000005 to 1.0015
1 to 1.004
1.002 to 1.003
⬇300 (initial–low H)
⬇550 (initial–low H)

a

Omar (1975).
Carmichael (1989).
Schroeder et al. (1998).
d
Mass susceptibility = ⬘/density of specimen (cm3/g).
e
This study (frequency = 2 kHz).
f
Bozorth (1951).
b
c

FIG. 1. Schematic Representation of Crystal Structure of Iron.
Directions of Easy, Medium, and Hard Magnetization Are Shown
(Bozorth 1951)

FIG. 2.
mains

Schematic Representation of Transition between Do-
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ization history of the crystal, and it can vary between 10⫺3 and
1 mm3 in volume. Particles with diameters less than about 1
m consist of single domains (Bleaney and Bleaney 1976).
The magnetization of ferromagnetic materials through the
application of a magnetic field occurs because of the rotation
of the spins within the domains [Fig. 3(b)] or the movement
of domain walls [Fig. 3(c)]. Fig. 4 shows a schematic representation of a magnetization curve and the associated magnetization mechanisms. Small magnetic fields have little effect
on the direction of the spins within the domains but can affect
the spins in the domain walls. At fields less than the threshold
or critical field (H < Hcr), there is a net magnetization caused
by the domain wall ‘‘bowing’’ or ‘‘bulging,’’ and the pinned
walls bend like flexible membranes owing to the applied magnetic field. This movement is reversible, and the permeability
increases linearly with increasing H.
Once the applied field is greater than the critical field, wall
unpinning, displacement, and repinning occur causing a large
increase in magnetic permeability. The processes are irreversible. The critical field is dependent upon sample defects such
as point defects, dislocations, other phases, and porosity,

which act as pinning sites. When the wall is displaced, it is
pinned in a new position upon removal of the field; a larger
field is required to cause additional movement (Valenzuela
1994).
Continued increase in the applied field causes the spins
within the domains to rotate, resulting in saturation of the
specimen; that is, the sample is a single domain oriented parallel to the applied field. Within this range of applied fields H,
this mechanism is reversible, and permeability varies linearly
with the applied field (Bleaney and Bleaney 1976).
Decreasing the field to zero after saturating the specimen
does not result in zero magnetic induction but in a remanent
state Br. This hysteresis is due to the irreversible wall movements. The magnetic field required to reach zero magnetic induction is called the coercive force or coercivity Hc. When H
> Hc, the magnetization reverses, and there is a tendency to
saturate in the new direction. Upon removal of the field, there
is a symmetric remanent magnetism Br (Bleaney and Bleaney
1976).
The real relative permeability of ferromagnetic materials is
>1 and is highly dependent upon the strength of the applied
field, as indicated in Fig. 4.
Frequency Dependence of Magnetic Permeability

FIG. 3. Magnetization Mechanisms: (a) No Magnetic Field; (b)
Rotation of Spins within Domains; (c) Movement of Domain
Walls (Bozorth 1951)

FIG. 4. Schematic Representation of Hysteresis Loop Where
Br Is Magnetic Induction That Remains upon Removal of Field
after Saturating Specimen (Remanent Magnetic Induction); Bs =
Saturation Magnetic Induction; Hc = Magnetic Field Required to
Reach Zero Magnetic Induction (Coercivity)

The magnetic permeability of a material varies with the frequency of the applied magnetic field. High frequency resonance (GHz) develops due to electron spins. In ferromagnetic
materials, the magnetic moments in the domain walls are unable to follow the field at these high frequencies, and the only
magnetization mechanism is the spin rotation in domains.
When an external field is applied in a direction other than the
spins’ easy direction, the spins precess around the field direction for a certain time before reaching the new orientation
(Valenzuela 1994).
Low frequency relaxations in ferromagnetic materials arise
as a result of the movement of the domain walls (wall bowing
and displacement). It follows from the previous discussion that
the low frequency dispersions are dependent upon the applied
magnetic field and the properties of the specimen. Fig. 5 shows
the effect of field intensity H on the permeability spectrum.
For H < Hcr, only wall bowing effects can be seen; for H >
Hcr, the effects of both wall bowing and wall displacement are
evident. Relaxations due to wall displacement occur at lower
frequencies than wall bowing because wall displacement requires more time for unpinning, displacement, and repinning.
Fig. 6 exhibits the dependence of the low frequency permeability and the relaxation frequency on grain size. For a
pinned wall, the initial permeability increases, and the relaxation frequency decreases as grain size increases. The relaxa-

FIG. 5. Real Relative Magnetic Permeability Spectrum above
Critical Magnetic Field Hcr (䡩) and below Critical Magnetic Field
Hcr (●) for Ni-Zn Speciman (Valenzuela 1994)
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Measurement Techniques
There are many different techniques to measure the magnetic susceptibility or permeability of materials including
force, change-in-flux, and transmission/reflection methods. Although magnetic susceptibility and permeability are complex
quantities, only the real component is often measured. Fig. 7
presents schematic representations of the measurement techniques and summarizes the advantages and disadvantages of
the methods.
EXPERIMENTAL STUDY: PROCEDURE
A series of tests was conducted to assess the effect of ferromagnetic inclusions in a nonferromagnetic soil host in response to an applied magnetic field. This section describes
equipment, calibration, and data reduction procedures.
Equipment
Magnetic permeability values were determined by measuring the magnitude of impedance 兩Z兩 and phase angle  of specimens placed within a solenoid. From these values, the inductance L and resistance R of the system were determined as a
function of frequency (Z* = R ⫹ j L). The measurements
were performed using an HP-4192A Hewlett Packard low frequency impedance analyzer over the frequency range of 5 to
13 MHz. An HP-16047A test fixture connected the solenoid
to the analyzer. This analyzer operates by applying a constant
voltage V to the specimen at all frequencies. Because Z*
depends on frequency Z* = R ⫹ j L = V/i, the applied current i varies as a function of frequency. Thus, the magnetic
induction B is also dependent on frequency as it is related to
current by

FIG. 6. Real Relative Magnetic Permeability Spectra of
NiFe2O4 Specimens with Various Grain Sizes: (a) 11 m; (b) 5
m; (c) 2 m; (d) <0.2 m [Globus (1962) from Valenzuela
(1994)]

tion frequency of the specimen increases as the insulation between particles increases, thereby reducing losses as a result
of eddy currents (Gelinas et al. 1997).
Magnetization of Multiphase Media: Mixture Models
The permeability and the shape of the magnetization curve
for a composite is dependent upon particle size distribution,
particle shape, particle orientation, and the stress applied during specimen preparation (Adler et al. 1989). Table 3 presents
various mixture models that describe the magnetic permeability of a medium with ferromagnetic inclusions in a nonconducting host medium.
The simple mixture model presented by Wagner considers
that the magnetic susceptibility of a sphere placed in a uniform
magnetic field is ⬘ = 3 (Bleaney and Bleaney 1976; Gokturk
et al. 1993). If particles do not interact (i.e., v 2 < 0.2 and
particles are homogeneously distributed), the initial magnetic
permeability increases linearly with the amount of ferromagnetic inclusions. At high volume fractions, interactions among
particles act to increase the mixture magnetic permeability/
susceptibility. As Wagner’s model assumes no interactions, it
provides a lower bound for the magnetic permeability of
mixtures of ferromagnetic inclusions in a nonconducting host
medium. Additional models exist that predict upper-bound permeability values [e.g., Hashin and Shtrikman (1962)].
TABLE 3.

Poisson

Doyle b

b

Comments
(3)

⬘mix = 0(1 ⫹ 3v 2)

Spherical particles; v 2 < 0.2

[(2 ⫹ 21)(1 ⫺ 2)⫺1] ⫺ 2v 2
= 1
[(2 ⫹ 21)(1 ⫺ 2)⫺1] ⫹ v 2

mix = 1

(6)

where 0 = permeability of vacuum; N = number of turns in
the solenoid; and l = length of the solenoid. Fig. 8 shows the
computed variation in B with frequency for a solenoid in air
and for a solenoid filled with 100% iron filings (by weight).
Figs. 9(a and b) show measured inductance and resistance values, respectively, for two tests conducted on a specimen of
100% iron filings. One test was performed keeping B constant
(varying the applied voltage V), and the second test was conducted allowing B to vary as a function of frequency (keeping
the applied voltage V constant). Fig. 9 shows that the measured
inductance and resistance are independent of the magnetic induction for this specimen. Therefore, the magnetic permeability of the tested specimens are not a function of the applied
magnetic induction for the low values of B imposed on the
specimens B < 3 ⫻ 10⫺5 Wb/m2 (Fig. 4).

Equation
(2)

mix

0iN
l

Magnetic Permeability Models for Ferromagnetic-Dielectric Mixtures

Model
(1)
Wagner a

B=

Conducting spheres in cubic array; moderate v 2

冋
冋

(2 ⫹ 21)
(2 ⫺ 1)
⫺ 2v 2 ⫹ 1.305
v 210/3
(1 ⫺ 2)
(2 ⫹ 41/3)

(2 ⫹ 21)
(2 ⫺ 1)
⫹ v 2 ⫹ 1.305
v 210/3
(1 ⫺ 2)
(2 ⫹ 41/3)

册

Conducting spheres in simple cubic array; v 2 < 0.67

Note: 0, mix, 1, and 2 = magnetic permeability of vacuum (4 ⭈ 10 H/m), mixture, host medium, and inclusions, respectively; and v 2 = volume
fraction of ferromagnetic inclusions.
a
Gokturk et al. (1993).
b
Doyle (1978).
7
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FIG. 7.

Summary of Measurement Technique (Note: Specimen Is Shaded)

FIG. 8. Variation in Magnetic Induction B (Wb/m2) as Function of Frequency for Specimens of Air and 100% Iron Filings (by Weight).
Current Was Measured, and B Was Computed Using Eq. (6)

Data Reduction
The computation of the magnetic permeability from measured impedance values using a solenoid is based on equivalent circuit elements and considers a resistor Rcoil in series with
an inductor L. The measured impedance of this system is
Z* = Rcoil ⫹ j L

(7)

where Rcoil = resistance of the solenoid. The inductance in the
solenoid is proportional to the magnetic permeability *
rel of
the specimen
L = *
relL0 = (⬘
rel ⫺ j ⬙
rel )L0

(8)

where L0 = inductance of the solenoid in vacuum, and it is a
function of the cross-sectional area A, number of turns N, and
the length l of the coil
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FIG. 9. Effect of Magnetic Induction B on Measurements in Solenoid: (a) Inductance; (b) Resistance. Tests Were Conducted on Specimen of 100% Iron Filings with Constant B (▫) and Varying B (ⴛ)

L0 = 0

AN 2
l

(9)

Substituting (8) into (7)
Z ⬘ ⫹ j Z ⬙ = (Rcoil ⫹ L0⬙rel) ⫹ j ⬘rel L0

(10)

Equating real and imaginary components and taking into consideration (9)
⬘rel =

Z⬙
Z ⬙l
=
L0 AN 20

(12)

Calibration
The calibration of the solenoid for magnetic permeability
measurements involves the following four factors: solenoid geometry, resistance in the coil, residual and stray parameters,
and incomplete coverage (discussed below).

1 ⫹ 0.9

冉冊
r
l

⫺ 0.02

⬘rel of air
(uncorrected)
(3)

⬘rel of air
(corrected)
(4)

Error
(⫾%)
(5)

157
180
491

8
9.8
24

1.089
1.043
1.125

1.034
0.997
1.104

3.4
0.3
10.4

冉冊册
r
l

2

Fig. 10 shows the corrected and uncorrected real relative permeability measurements. The solenoid that resulted in data
closest to the theoretical value of air, ⬘rel = 1, was the solenoid
with l = 7.4 cm, A = 0.449 cm2, and N = 180. Apparently, this
solenoid produced the most uniform field; thus, it gave the
most accurate measurements. This solenoid was used to conduct all subsequent tests.
Resistance in Coil

(13)
(14)

Residual Parameters

Three solenoids with different geometrical characteristics
were used to measure the magnetic permeability of air (Table
4). Following Welsby (1950), a correction for geometric effects was implemented

冋

Length/
diameter
ratio
(2)

At low frequencies, the real part of the measured impedance
Z ⬘ is dominated by the resistance in the solenoid coil Rcoil. Fig.
10(d) shows that failure to account for the coil resistance in
imaginary permeability calculations results in a characteristic
linear increase in imaginary permeability with decreasing frequency when data are plotted on a log-log scale, as predicted
by (12). Subsequent imaginary permeability data are presented
with the effect of the resistance in coil removed (Rcoil ⬇ 0.817
⍀).

Solenoid Geometry

K=

Number of
turns N
(1)

(11)

Z ⬘ ⫺ Rcoil (Z ⬘ ⫺ Rcoil)l
 rel
⬙ =
=
L0
AN 20

Lcorr = L ⭈ K

TABLE 4. Solenoid Characteristics and Magnetic Permeability Measurements of Air

⫺1

where r = radius of the inductor; and l = length of the inductor.

Data shown in Fig. 10 indicate that a resonant trend develops at frequencies greater than ⬇105 Hz. This resonance is
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FIG. 10. Relative Magnetic Permeability Measurements of Air Using Different Solenoids. Lines Denote Values Corrected for Geometry [Eqs. (12) and (13)]

due to the interaction between the device under test and the
electronic circuitry. As this connection is often unstable, no
correction is implemented, and data above ⬇105 Hz are disregarded.
Incomplete Field Coverage
The solenoid creates a magnetic field inside and outside the
solenoid; however, the specimen only fills the inside. Two tests

were conducted to evaluate this effect on the extreme condition of 100% iron filings: (1) Iron filings only inside the solenoid; and (2) iron filings inside and completely surrounding
the solenoid. Results are shown in Fig. 11. Slightly lower values in real and imaginary magnetic permeabilities are measured when the specimen is only inside the solenoid as compared to the case in which the specimen surrounds the
solenoid. For this solenoid and specimen, errors in real and
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FIG. 11. Measured Magnetic Permeability or Iron Filings. Specimen Only within Solenoid (ⴛ) and Surrounding Solenoid (▫): (a) Real
Relative Magnetic Premeability; (b) Imaginary Relative Magnetic Permeability. Solenoid Characteristics: l = 7.4 cm, A = 0.449 cm2, and
N = 180

imaginary permeabilities are less than 2 and 7%, respectively,
when only the solenoid is filled (within the reliable frequency
range less than ⬇105 Hz).
EXPERIMENTAL STUDY 1: CONCENTRATION OF
DISSEMINATED FERROMAGNETIC INCLUSIONS
The goals of these measurements are to look at the effect
of ferromagnetic inclusions on the magnetic behavior of a nonferromagnetic soil and to develop a simple relationship between the amount of ferromagnetic inclusions and magnetic
permeability. Magnetic permeability measurements were performed on specimens of air-dried kaolinite (<0.075-mm diameter) with different percentages of fine iron filings (⬇40
mesh, Fisher Scientific). The volume fraction of ferromagnetic
inclusions ranged from 0 to 0.31; the characteristics of the
specimens are presented in Table 5. Variations in the real and
imaginary relative magnetic permeabilities of these mixtures
were determined following the procedure described previously.
Note that the presence of moisture does not affect these measurements.
Fig. 12 presents the real and imaginary permittivity data of
the various mixtures. The real relative magnetic permeability
remains constant over the frequency range of 100 to 105 Hz
for all specimens and increases as the iron content increases.
The imaginary relative permeability is fairly constant at low
frequencies and then increases with increasing frequencies. Table 5 summarizes the real and imaginary permeability measurements at 10 kHz. The calibration curves with air presented
in Fig. 10 show similar variations in real and imaginary values
with frequency as the measured data in Fig. 12, particularly at
frequencies >105 Hz. These similarities confirm that the decrease in real permeability and the change in imaginary permeability at frequencies >105 Hz are a result of cell-device
coupling.
The low frequency real relative magnetic permeability of
the mixtures is plotted versus the volume fraction of ferro-

TABLE 5. Permeability Measurements for Kaolinite Specimens with Different Concentrations of Iron Filings (Estimated
Error ⴞ0.3%)
Percent
iron filings
(by weight)
(1)

Volume fraction
of iron v 2
(2)

⬘rel
(f = 10 kHz)
(3)

⬙rel
(f = 10 kHz)
(4)

0
1
10
25
50
75
100

0.000
0.001
0.011
0.032
0.091
0.176
0.313

1.001
1.008
1.053
1.158
1.454
1.946
2.924

0.0006
0.001
0.001
0.003
0.006
0.006
0.013

magnetic inclusions v 2 in Fig. 13. A second degree polynomial
is fitted to the data
⬘rel = 1 ⫹ 4 ⭈ v 2 ⫹ 7 ⭈ v 22

(15)

or in terms of the real susceptibility
⬘ = (⬘rel ⫺ 1) = 4 ⭈ v 2 ⫹ 7 ⭈ v 22

(16)

Eq. (15) shows that for low volume fractions of ferromagnetic
inclusions, the real relative permeability increases linearly;
however, as v 2 increases, interactions between particles dominate the behavior, and the permeability increases parabolically. Fig. 13 also compares the measured data with the Wagner (Gokturk et al. 1993), Poisson (Doyle 1978), and Doyle
(1978) noninteracting models. These models give similar values for volume fraction of inclusions v 2 < 0.2; for v 2 > 0.25,
the Doyle model presents the highest permeability values. The
underprediction of the measured data by these models and the
nonlinearity of the measured data concur to indicate particle-
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FIG. 12. Magnetic Permeability Measurements for Kaolinite-Iron Filing Mixtures with Different Weight Percentage of Iron Filings: (a)
Real Relative Magnetic Permeability; (b) Imaginary Relative Magnetic Permeability. (—— = 100% Fe; – – – = 75% Fe; ⭈⭈⭈⭈ = 50% Fe; 䡩 =
25% Fe; 〫 = 10% Fe; ▫ = 1% Fe; ⴙ = Kaolinite; and ⴛ = Air)

particle interactions even at low concentrations, for v 2 greater
than ⬇0.05.
EXPERIMENTAL STUDY 2: SPATIAL DISTRIBUTION
OF FERROMAGNETIC INCLUSIONS
Because interactions between ferromagnetic inclusions in a
nonferromagnetic host medium affect the overall magnetic
permeability of the mixture, the spatial distribution of inclusions must also impact the magnetic properties. The purpose
of this second study is to identify variations in real and imaginary magnetic permeabilities caused by different spatial distributions of the same mass and volume fraction of ferromagnetic inclusions. Measurements were performed on air-dried
kaolinite specimens containing metal rods (0.9-mm diameter)
of various lengths and spatial arrangements, as shown in Fig.
14. The volume fraction of ferromagnetic inclusions in Specimens c–g is 0.014.
Fig. 15 presents the real and imaginary permeabilities
for the various specimens. Clear relaxations are observed

within the reliable frequency range ( f < 105 Hz). Table
6 summarizes these results. Difficulties in determining the
relaxation frequency of the randomly oriented ferromagnetic
inclusions (Specimen g) develop because the effect of residual
equipment parameters begins to manifest at these frequencies.
The low frequency real and imaginary permeability values
increase and the relaxation frequency decreases as the size of
the inclusions increases. Possible underlying mechanisms include
• Magnetization of ferromagnetic inclusions by wall bowing (single relaxation).
• Enhanced interactions between domains within the longer
rods or nearby rods (increase in real magnetic permeability with increasing size of ferromagnetic rods).
• Higher eddy current losses develop as the size of the continuous metal phase increases (decreasing relaxation frequency with increasing inclusions size and increasing
imaginary permeability).
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FIG. 13. Characterization of Kaolinite-Iron Filing Mixtures. Real Relative Magnetic Permeability Data Were Obtained at 10 kHz. Three
Mixture Models Are Shown (Note: 100% Iron Filings by Weight Corresponds to Volume Fraction of 0.31)

as a function of the volume fraction of conducting inclusions
for the different models. All models give similar permittivity
values when the volume fraction of inclusions is less than
about 0.1.
Effect of Ferromagnetism on Interpreted Permittivity
Values

FIG. 14. Spatial Distribution of Ferromagnetic Inclusions
(Thin Metal Rods, 0.9-mm Diameter) in Kaolinite. Specimens 3–
7 Have Same Total Volume of Ferromagnetic Inclusions (Volume
Fraction = 0.014). Specimen a Consists of Kaolin without Ferromagnetic Inclusions. Specimen b Is Prepared to Verify Low Impact of Geometric Effects

IMPLICATIONS OF FERROMAGNETIC MATERIALS ON
PERMITTIVITY MEASUREMENTS
The addition of ferromagnetic inclusions to a nonconducting
host medium has two effects on the inferred dielectric permittivity. The first effect is physical, and it is caused by the
conductive nature of the inclusions. (Note that all ferromagnetic materials are not conductive.) The second effect is due
to improper data interpretation.
Physical Effect of Conductive Inclusions on Mixture
Permittivity
The placement of a spherical conducting particle in an electric field produces charge displacement toward the surface of
the particle, thereby polarizing the particle (the electric field
inside the particle is zero). Thus, the presence of nonpercolating metallic particles in a low permittivity medium significantly increases the overall dielectric permittivity of the mixture (Gokturk et al. 1993).
Table 7 presents selected mixture models that describe the
high frequency limit permittivity ⬘inf of mixtures of conducting
inclusions in a dielectric host medium. All models have been
simplified by assuming that the permittivity of the inclusions
is much greater than the permittivity of the host medium
(⬘2 >> ⬘)
1 . Fig. 16 shows the computed mixture permittivity

Most laboratory and field studies of geomaterials using electromagnetic waves are interpreted assuming that the material
is nonferromagnetic. However, if the medium has * ≠ 0,
inferred permittivities will be incorrect. This error is analyzed
in the context of the wave equation for electromagnetic phenomena, which follows from Maxwell’s equations. If a solution of the form
E = E0 e (j⫺␥*x)

(17)

is adopted and substituted into the wave equation, a complex
‘‘propagation constant’’ ␥* emerges
␥* =

2 f
兹⫺(⬘rel ⫺ j ⭈ ⬙rel)(⬘ ⫺ j ⭈ ⬙eff)
c0

(m⫺1)

(18)

where c0 = velocity of electromagnetic waves in free space (c0
= 3 ⫻ 108 m/s); f = frequency (Hz); and ⬘ = real part of the
relative permittivity. The effective imaginary relative permittivity ⬙eff includes conduction and polarization losses
⬙eff = ⬙pol ⫹


ε0

(19)

The presence of moisture affects conduction and polarization
(i.e., , ⬙, and ⬘). Therefore, the effect of moisture is explicitly considered in this formulation. If nonferromagneic materials are assumed (⬘rel = 1 and ⬙rel = 0)
␥* =

2 f
兹⫺(⬘ ⫺ j ⭈ ⬙eff)
c0

(m⫺1)

(20)

Thus, if (20) is used to infer parameters for a medium with
* ≠ 0 [(18)], the computed permittivity becomes [setting
(18) equal to (20)]
⬘(inferred) = ⬘rel ⬘ ⫺ ⬙eff ⬙rel

(21)

⬙eff (inferred) = ⬘rel ⬙eff ⫹ ⬘⬙rel

(22)
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FIG. 15. Magnetic Permeability Measurements of Kaolinite Containing Ferromagnetic Inclusions with Different Spatial Distributions
(Refer to Fig. 14). Specimens Are Denoted as Follows: a, —— ; b, – – – ; c, ▫ ; d, 〫; e, 䡩; f, ⴙ; and g, ⴛ

TABLE 6. Permeability Measurements for Kaolinite Specimens with Different Sizes and Spatial Distributions of Ferromagnetic Inclusions
Number Length of
of
inclusions
Spatial
inclusions
(cm)
distributiona
(3)
(1)
(2)
0
1
1
2
4
8
8
a

—
10.5
7.4
3.7
1.85
0.92
0.92

(a)
(b)
(c)
(d)
(e)
(f)
(g)

⬘rel
(f = 1
kHz)
(4)

Relaxation
frequency
(kHz)
(5)

⬙rel
(f = 10
kHz)
(6)

1
2.03
1.98
1.89
1.58
1.24
1.34

—
5.6
6.3
7.1
11.2
14.1
⬇15.8

0.002
0.398
0.380
0.347
0.211
0.063
0.110

See Fig. 14 for schematic drawings of spatial distributions of ferromagnetic inclusions.

If the imaginary permeability is negligible, ⬙rel = 0, the true
permittivity values can be obtained from the inferred values
as
⬘true =

⬘(inferred)
⬘rel

(23)

⬙true =

⬙(inferred)
⬘rel

(24)

This result shows that failure to account for the magnetic permeability of a mixture containing ferromagnetic inclusions results in a higher measured permittivity than the true mixture
permittivity. The permittivity data must be corrected using
magnetic permeability measurements conducted at the same
frequencies as the permittivity measurements, as both permittivity and permeability are functions of frequency.
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TABLE 7.

High Frequency Permittivity Models for Conductor-Dielectric Mixtures

Model
(1)

冉

Equation
(2)

1⫹

3v 2
1 ⫺ v 2 ⫺ 1.65v 10/3
2

Comments
(3)

冊

Rayleigh’s octupole formula a

⬘mix = ⬘1

Spherical particles; ⬘2 >> ⬘1

Wagner a,b

⬘mix = ⬘(1
⫹ 3v 2)
1

Spherical particles; v 2 < 0.2; ⬘2 >> ⬘1

Bruggeman a

1
⬘mix = ⬘1
(1 ⫺ v 2)3

Spherical particles; ⬘2 >> ⬘1

Bottcher a,b

⬘mix = ⬘1

1
1 ⫺ 3v 2

Spherical particles; v 2 < 1/3; ⬘2 >> ⬘1

deLoor 1,b

⬘mix = ⬘1

1 ⫹ v2
1 ⫺ 2v 2

Spherical particles; v 2 < 0.2; ⬘2 >> ⬘1

van Beek a,b

⬘mix = ⬘1

1 ⫺ v2
1 ⫺ 4v 2

Spherical particles; v 2 < 0.2; ⬘2 >> ⬘1

Clausius-Mossotti c

⬘mix = ⬘1

1 ⫹ 2v 2
1 ⫺ v2

Conducting spheres in cubic array; ⬘2 >> ⬘1

Doyle c

⬘mix = ⬘1

[1 ⫹ 2v 2 ⫺ 1.305v 210/3]
[1 ⫺ v 2 ⫺ 1.305v 210/3]

Conducting spheres in simple cubic array; v 2 < 0.67; ⬘2 >> ⬘1

Note: ⬘mix, ⬘,
1 and ⬘
2 = permittivity of mixture, host medium, and conducting inclusions, respectively; and v 2 = volume fraction of inclusions.
Lal and Parshad (1973).
b
van Beek (1967).
c
Doyle (1978).

a

FIG. 16.

Real Relative Dielectric Permittivity Models for Conductive Inclusions in Dielectric Host Medium (Infinite Permittivity)

ENGINEERING IMPLICATIONS
The implementation of geophysical techniques (e.g.,
ground-penetrating radar) based on electromagnetism is restricted by the trade-off between the desired resolution and the
achievable skin depth. Spatial resolution can be estimated from
the wavelength . Recognizing that ␥* plays the role of a
complex wave number in (17), the wavelength can be computed from (18)
=

2
c0
1
= ⭈
Im[␥*]
f Im[兹⫺(⬘rel ⫺ j ⭈ ⬙rel)(⬘ ⫺ j ⭈ ⬙eff)]

(m)

(25)
where Im[ ] indicates the imaginary part of the quantity in
brackets. In the case of zero polarization and ohmic losses,
⬙eff ⬇ 0, and nonferromagnetic materials, * = 0, (25) reduces to  = c0 / f (⬘)1/2. On the other hand, the depth of pen-

etration into the medium can be estimated by computing the
‘‘skin depth’’ Sd (m)
Sd =

1
1
c0
1
=
=
⭈
␣ Re[␥*] 2 f Re[兹(⬘rel ⫺ j ⭈ ⬙rel)(⫺⬘ ⫹ j ⭈ ⬙eff)]

(26)
where ␣ = attenuation; and Re[ ] indicates the real part of the
quantity in brackets.
Wave velocity is also affected by the presence of ferromagnetic materials
v =  ⭈ f = c0 ⭈

1
Im[兹⫺(⬘rel ⫺ j ⭈ ⬙rel)(⬘ ⫺ j ⭈ ⬙eff)]

(m/s)

(27)

Finally, ferromagnetic behavior also changes the amplitude
and phase of reflected signals, such as in ground-penetrating
radar applications. The reflection coefficient is
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refl* =

z*
1 ⫺ z*/z*
2 ⫺ z*
1
1
2
=
z*
1 ⫹ z*/z*
2 ⫹ z*
1
1
2

(28)

where z*
1 and z*
2 = specific impedance of the first medium and
the reflecting medium, respectively, and are computed as
z* = j


*
␥*
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APPENDIX.
(29)

Consider a medium with ⬘rel = 1.25, ⬙rel = 0, ⬘ = 60, ⬙pol
= 0, and  = 0.1 S/m, which is illuminated by an electromagnetic wave at a frequency of 50 MHz. The resulting wave
velocity is 3.33 ⫻ 107 m/s (for ⬘ = 0, the velocity is 3.72 ⫻
107 m/s), and the skin depth is 0.38 m (for ⬘ = 0, Sd = 0.43
m). The inferred real permittivity is ⬘inferred = 75 and the inferred conductivity is inferred = 0.125 S/M. Should the real
permittivity be used to estimate moisture content or void ratio
(in a saturated medium), the resulting error would be significant.
SUMMARY
The magnetic properties of matter reflect the presence of
moving charges. Some materials possess permanent magnetic
moments and are classified as paramagnetic or ferromagnetic.
Materials without permanent magnetic moments are diamagnetic. The magnetic permeability/susceptibility can be measured using various available methods including force-based
systems, change-in-flux techniques, and transmission/reflection methods.
Different low frequency magnetization mechanisms occur
in ferromagnetic materials as the applied magnetic field increases. Wall bowing takes place at low field intensity, and as
the field intensity increases, wall displacement and then the
rotation of domain spins manifest.
Magnetic permeability is a function of the frequency of the
applied field. Low frequency dispersions in ferromagnetic materials occur at kilohertz and megahertz frequencies as a result
of movement of domain walls. High frequency electron spin
resonance manifests at gigahertz frequencies. Given that magnetic permeability is a frequency dependent property, quasiDC and low frequency measurements render permeability values that may not be applicable to high frequency field
applications such as ground penetrating radar and time-domain
reflectometry. In general, the equations presented here are applicable for parameters measured at the same frequency, with
no restriction on the frequency range.
An empirical relationship was identified between magnetic
permeability and the amount of disseminated ferromagnetic
particles present in a nonferromagnetic soil. This equation is
linear at low volume fractions where there are no particle-toparticle interactions and becomes a second-order polynomial
as iron content increases, thus capturing interaction effects.
Further experimental studies show that the size, proximity, and
spatial distribution of ferromagnetic inclusions significantly affect the permeability of the medium.
Although the nonferromagnetic assumption is frequently invoked in laboratory and field studies, neglecting the presence
of ferromagnetic materials results in a higher permittivity than
the true mixture permittivity. The presence of nonpercolating,
conductive materials also acts to increase the permittivity of
the mixture.
The propagation of electromagnetic waves in geomaterials
is affected by the presence of ferromagnetic inclusions. Ferromagnetic materials impact wavelength, skin depth, wave velocity, and the reflection coefficient. Therefore, failure to consider the presence of ferromagnetic materials in the
interpretation of data obtained using various in situ and laboratory electromagnetic measurement techniques can result in
erroneous interpretations.
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